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ABSTRACT
Rigidly superconformal sigma models in higher than two dimensions are
constructed. These models rely on the existence of conformal Killing spinors
on the p + 1 dimensional worldvolume (p ≤ 5), and homothetic conformal
Killing vectors in the d–dimensional target space. In the bosonic case, substi-
tuting into the action a particular form of the target space metric admitting
such Killing vectors, we obtain an action with manifest worldvolume confor-
mal symmetry, which describes the coupling of d−1 scalars to a conformally
flat metric on the worldvolume. We also construct gauged sigma models with
worldvolume conformal supersymmetry. The models considered here are gen-
eralizations of the singleton actions on Sp × S1, constructed sometime ago
by Nicolai and these authors.
† Supported in part by the National Science Foundation, under grant PHY-9106593.
1. Introduction
The importance of two dimensional superconformal field theories in the context of string
theory is well known. In particular, superconformal sigma models in two dimensions play
an important role in the first quantized description of string theory. In the manifestly
world-sheet supersymmetric formulation, the string action has, in fact, local superconfor-
mal supersymmetry, which becomes rigid upon gauge fixing. As is well known, the resulting
superconformal group is infinite dimensional, due to special aspects of two dimensional man-
ifolds.
It is natural to search for superconformal sigma models in higher than two dimensions.
Although the superconformal group becomes finite dimensional, it is nonetheless interesting
to study these models in their own right. In particular, they may have an application in the
description of the theory of super-extended objects, known as super p-branes. In fact, Nicolai
and these authors [1], and independently Blencowe and Duff [2], sometime ago conjectured
that super p–branes in an AdSp+2 × SN−1 background, where AdS refers to anti de Sitter
space, are described by superconformal field theories on Sp × S1. They are sometimes
referred to supersingleton field theories and can be viewed as N -extended superconformal
sigma models in p + 1 dimensions, with a flat target space whose dimension is given by
the number of real scalar fields. The possible values of p, N , number of scalars and global
superconformal symmetries are tabulated below (the dimension of spacetime in which the
p–brane propagates is d = p + 1 + number of scalars).
p N Number of Scalars Superconformal Group
1 1, 2, 4, 8 1, 2, 4, 8 OSp(N |2)
2 1, 2, 4, 8 1, 2, 4, 8 OSp(N |4)
3 1, 2, 4 2, 4, 6 SU(2, 2|N)
4 2 4 F (4)
5 2, 4 4, 5 OSp(6, 2|N)
In a separate development, Gibbons and Townsend [3] showed that a number of super-
symmetric p–brane solutions to d = 10 and d = 11 supergravity theories interpolate between
Minkowski spacetime and AdSp+2 × SN−1 type compactified spacetime (the p = 1 case has
been described recently in ref. [4]). These authors have argued that their results imply that
the effective action for small fluctuations of the super p–brane is a supersingleton field the-
ory. This raises the question as to whether supersingleton theories can also exist with target
spaces other than the Euclidean space, and in some way related to the p–brane solutions
mentioned above.
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Motivated by the results of ref. [3,4], we are thus led to search for a more general class
of N–extended superconformal sigma models in p+1 dimensions. We take the worldvolume
to be any p + 1 dimensional space with superconformal isometries, and we determine the
conditions on the target space as required by the worldvolume superconformal symmetry †.
While we do not provide a complete classification of superconformal sigma models in higher
than two dimensions, we do, however, derive a general set of conditions for their existence.
Since the superconformal groups exists in dimensions up to six (coinciding with the maximum
worldvolume dimension allowed for super p–branes), we need to consider sigma models with
worldvolume of p+1 dimensions with p = 1, ..., 5. Our results can be summarized briefly as
follows.
The existence of rigidly superconformal sigma models in higher than two dimensions
relies on the existence of conformal Killing vectors and spinors on the p + 1 dimensional
worldvolume (p ≤ 5), and homothetic conformal Killing vectors in the d–dimensional target
space. The latter are conformal Killing vectors which leave the metric g invariant up to
a constant conformal scale, i.e. Lξg = λg, where λ is a constant [5] ††. In the bosonic
case, substituting into the action a particular form of the target space metric admitting
such conformal Killing vectors, we obtain an action with manifest worldvolume conformal
symmetry, which describes the coupling of d− 1 scalars to a conformally flat metric in p+1
dimensions. In the supersymmetric case, we shall concentrate on the p = 2, N = 1 and
p = 5, N = 2 cases, but the general structure will become clear for all the cases. †††. As
for the worldvolume geometry, in the case of p = 2, N = 1, we shall consider a general
worldvolume which has a conformal Killing spinor (S2 × S1 is a particular case), while for
the p = 5, N = 2 case, we shall take the worldvolume to be S5 × S1.
Considering the superconformal sigma models in which the d dimensional target space
admits isometries which form a group G, one can gauge G or any subgroup of it. In this
paper, we also construct a gauged sigma model of this kind. Such sigma models may be of
considerable interest in the context of duality transformations, which are essentially obtain-
able by integrating over suitable set of gauge fields.
In Sec. 2, we shall discuss the conformally invariant bosonic sigma models in arbitrary
dimensions, and show the emergence of a manifestly conformally invariant model in one less
† We use the terminology of worldvolume and target space in referring to the domain and range manifolds,
respectively, of the sigma models.
†† In particular, group manifolds do not admit homothetic conformal Killing vectors. Therefore, we can
not write down a singleton action as a conformally invariant sigma model with group manifold as a target
space. On the other hand, “nonabelian singletons” have been considered in ref. [6]. It is not clear to us how
the singleton Lagrangian of ref. [6] can be interpreted as a conformally invariant sigma model on a group
manifold.
††† For a study of the relation between the local super Weyl invariance and target space rigid superconformal
invariance of super Weyl invariant version of super p–branes, see ref. [7], where it is shown that the two
symmetries are incompatible.
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target space dimension. In Sec. 3, we shall describe the N = 1 superconformal sigma model
in a general 2+1 dimensional worldvolume and a general target space. We will derive the
conditions imposed on the target space metric and other functions occurring in the action, by
the requirement of worldvolume superconformal invariance. In Sec. 4, we will assume that
the target space admits isometries and gauge these isometries. In Sec. 5, we will construct
the N = 2 superconformal sigma model on S5 × S1. Again we will derive the conditions
imposed on the target space metric by the worldvolume superconformal invariance. In Sec.
6, we recapitulate our results and furthermore discuss an alternative approach to obtaining
rigidly superconformal sigma models, namely from conformal supergravities, giving examples
from d = 6, N = 2 conformal supergravity.
2. Conformal Sigma Models in Arbitrary Dimensions
We shall consider field theories consisting of real scalar fields φa, (a = 1, ..., d) on a
worldvolume with metric hij, i = 1, ..., p + 1 that admits conformal Killing vectors. A
conformal Killing vector ξi satisfies
∇iξj +∇jξi = 4Ωhij . (2.1)
From (2.1), and recalling the Bianchi identity ∇i(Rij − 12hijR) = 0, we learn that
p∇i∂iΩ +RΩ + 1
4
ξi∂iR = 0 . (2.2)
Now let us consider a bosonic theory in the general world volume which admits a con-
formal Killing vector:
L = −1
2
√
−h
[
hij∂iφ
a∂jφ
bGab(φ) +RV (φ) + U(φ)
]
, (2.3)
where Gab, V and U are functions of the scalar fields φ
a. The bosonic sector of the known
supersingleton theory corresponds to a special case of this Lagrangian. (Eq. (2.7) below,
together with the condition that R = p(p− 1), as appropriate for Sp × S1). The conformal
transformation of the scalar fields is defined by using ξ and Ω satisfying eq. (2.1) as
δCφ
a = ξi∂iφ
a + Ωva(φ) , (2.4)
where va are functions of the scalar fields. These transformations satisfy the closed conformal
algebra [δ(ξ1), δ(ξ2)] = δ(ξ3) where ξ
i
3 = ξ
j
2∂jξ
i
1 − ξj1∂jξi2.
Conformal transformation of the Lagrangian (2.3) up to total derivative terms becomes
δL =− 1
2
√−h
[
Ωhij∂iφ
a∂jφ
b (Davb +Dbva − 2(p− 1)Gab)
+ Ω (va∂aU − 2(p+ 1)U) + ΩR (va∂aV − 2(p− 1)V )
+ 2hij∂iΩ∂jφ
a(va − 2p∂aV )
]
,
(2.5)
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where we have used (2.1) and (2.2). Therefore, the condition for conformal invariance of the
Lagrangian is †
Davb +Dbva = 2(p− 1)Gab , (2.6a)
va = 2p∂aV , (2.6b)
va∂aU = 2(p+ 1)U , (2.6c)
va∂aV = 2(p− 1)V . (2.6d)
Eq. (2.6a) means that va is a homothetic Killing vector. As mentioned earlier, group
manifolds do not admit homothetic conformal Killing vectors. However, a solution of the
above equations with a flat target space metric exists and is given by
Gab = δab , v
a = (p− 1)φa , V = p− 1
4p
δabφ
aφb , (2.7)
and U an arbitrary homogeneous function of φa of order 2(p + 1)/(p − 1). Note that the
metric for the worldvolume need not be Sp×S1, but it can be any space admitting ordinary
conformal Killing vectors satisfying (2.1).
To solve eq. (2.6) in general, we split the target space coordinates as φa = (φ0, φα)
(α = 1, · · · , d − 1). We then choose a coordinate system in which G0a = 2p∂aV ††. In this
coordinate system, the condition eqs. (2.6a) and (2.6b) reduce to (p− 1)Gab = 2pDa∂bV =
∂0Gab/2. This is easily integrated to solve for Gab. Using this result, the solution of (2.6a)
and (2.6b) is found to be
V = e2(p−1)φ
0
V¯ (φα) ,
G00 = 4p(p− 1)e2(p−1)φ
0
V¯ (φα) ,
G0α = 2pe
2(p−1)φ0∂αV¯ (φ
α) ,
Gαβ = e
2(p−1)φ0G¯αβ(φ
α) ,
(2.8)
where V¯ (φα) and G¯αβ(φ
α) are arbitrary functions of φα. Eq. (2.8) also satisfies eq. (2.6d).
Using eq. (2.8), eq. (2.6c) becomes ∂0U = 2(p+ 1)U , which is solved to yield
U = e2(p+1)φ
0
U¯(φα) , (2.9)
† A similar set of conditions appeared in a study of the Weyl invariance of sigma models coupled to
dynamical metric in general dimensions [8].
†† This choice is possible because G00 and G0α are essentially the lapse and shift functions that arise in
the canonical formulation of general relativity, and it is known that they can be set equal to arbitrary fixed
functions by a coordinate transformation, at least locally.
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where U¯(φα) is also an arbitrary function of φα. Substituting the solution (2.8) and (2.9),
the Lagrangian (2.3) becomes
L =− 1
2
√−h
[
hij∂iφ
α∂jφ
βe2(p−1)φ
0
G¯αβ(φ
α) + 4phij∂iφ
α∂jφ
0e2(p−1)φ
0
∂αV¯ (φ
α)
+ 4p(p− 1)hij∂iφ0∂jφ0e2(p−1)φ
0
V¯ (φα) + e2(p−1)φ
0
RV¯ (φα) + e2(p+1)φ
0
U¯(φα)
]
.
(2.10)
If we define
h˜ij = e
−4φ0hij , (2.11)
the action (2.10) can be written as
L = −1
2
√
−h˜
[
h˜ij∂iφ
α∂jφ
βG¯αβ(φ
α) + R˜V¯ (φα) + U¯(φα)
]
, (2.12)
where, we recall that G¯αβ, V¯ and U¯ are arbitrary functions of φ
α. This is the action of the
matter scalar fields φα coupled to the metric h˜ij . The dependence on φ
0 has been completely
absorbed into the conformal mode of h˜ij . The conformal transformation of the fields can be
written as
δCφ
α = ξi∂iφ
α ,
δC h˜ij = ∇˜iξ˜j + ∇˜j ξ˜i ,
(2.13)
where ξ˜i = h˜ijξ
j. These conformal transformations have the same form as the general
coordinate transformation of scalar fields and a metric. Therefore, the action (2.12) is
manifestly conformally invariant.
Finally, we note that the general solution leading to (2.10) contains the flat space solution
given by (2.7). Substituting the latter solution into the Lagrangian (2.3) we obtain
Lflat = −1
2
√
−h
[
hij∂iφ
a∂jφ
a +
p− 1
4p
R(φa)2 + U(φa)
]
, (2.14)
where, we recall that U is an arbitrary homogeneous function of φa of order 2(p+1)/(p−1).
This Lagrangian can be transformed into the form (2.10) by a change of the target space
coordinates φa → (φ0, φα):
φa = e(p−1)φ
0
φˆa(φα) (a = 0, 1, · · · , d− 1), (2.15)
where φˆa satisfy φˆaφˆa = 1 and are parametrized by the coordinates of Sd−1: φα (α =
1, · · · , d− 1). In terms of the new coordinates φ0, φα the Lagrangian is given by
Lflat =− 1
2
√
−h
[
hij∂iφ
α∂jφ
βe2(p−1)φ
0
G¯αβ + (p− 1)2hij∂iφ0∂jφ0e2(p−1)φ
0
+
p− 1
4p
e2(p−1)φ
0
R + e2(p+1)φ
0
U(φˆa(φα))
]
,
(2.16)
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where G¯αβ is the round metric of S
d−1. We see that this is a special case of eq. (2.10), in
which
V¯ (φα) =
p− 1
4p
, U¯(φα) = U(φˆa(φα)) . (2.17)
We now turn to the supersymmetrization of the Lagrangian (2.3).
3. General Superconformal Sigma Model in 2+1 Dimensions
In ref. [1], supersingleton field theories on S2× S1 with flat N dimensional target space
were constructed for N ≤ 8. Here, we shall generalize that model by taking the worldvolume
to be a general 2+1 dimensional space which admits conformal Killing spinors, and target
space to be arbitrary. For simplicity, we shall restrict our attention to the scalar multiplet
of N = 1 superconformal symmetry. The scalar supermultiplets consist of real scalar fields
φa (a = 1, · · · ,M) and Majorana spinor fields † λA (A = 1, · · · ,M).
To proceed with the construction of the transformation rules and the action, it is essential
to have conformal Killing spinors [9]. A conformal Killing spinor η− in p + 1 dimensional
space satisfies
∇iη− − 1
2
γiη+ = 0 . (3.1)
From this equation we obtain
pγi∇iη+ + 1
2
Rη− = 0 , (3.2)
where we have used ∇i∇iη− = 12γi∇iη+, which can be derived from eq. (3.1) ††.
Now let consider the following generalization of the supersingleton Lagrangian of ref. [1]:
L =− 1
2
√−h
[
hij∂iφ
a∂jφ
bGab +RV + U − iλ¯Aγi(∇iλB + ∂iφaωaBCλC)δAB
− iVABλ¯AλB + 1
4
ΩABCDλ¯
AγiλBλ¯Cγiλ
D
]
,
(3.3)
where Gab, V , U , ωa
A
B, VAB and ΩABCD are to be determined by superconformal invari-
ance. The first three terms in eq. (3.3) constitute the bosonic Lagrangian considered in the
previous section, while the known supersingleton action corresponds to a special case of the
Lagrangian (3.3) (Eq. (3.11) below, together with the condition that R = 2, as appropriate
† We use two-component spinors, which are equivalent to four-component spinors with a certain type of
chirality condition used in ref. [1].
†† The solutions of the conformal Killing spinor equation (3.1) exist on Sp × S1, and they were used
in the formulation of supersingleton field theories in ref. [1]. It is interesting to note that by considering
the integrability conditions of eq. (3.1), one finds that a conformal Killing spinor must satisfy the equation
Cijklγ
klη− = 0, where Cijkl is the Weyl tensor [9].
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for S2 × S1 ). The conformal transformations of the fields are defined by using ξ and Ω
satisfying eq. (2.1) as
δCφ
a = ξi∂iφ
a + Ωva ,
δCλ
A = ξi∇iλA + 1
4
∇iξjγijλA + 2ΩλA + ΩQABλB ,
(3.4)
where va and QA
B are functions of the scalar fields. For arbitrary functions va and QA
B
these transformations satisfy the closed conformal algebra [δ(ξ1), δ(ξ2)] = δ(ξ3) where ξ
i
3 =
ξj2∂jξ
i
1−ξj1∂jξi2. Once we establish the superconformal invariance of the action, its invariance
under the bosonic conformal transformations will be guarantied, since the anticommutator
of the former yields the latter (see eq. (3.7) below). Thus, we now turn our attention to the
superconformal symmetries of the Lagrangian (3.3).
The supertransformations of the fields are defined by using η± satisfying (3.1) as
δQφ
a = −iη¯−λAeAa,
δQλ
A = γi∂iφ
aη−ea
A − δQφaωaABλB −mAη− + 1
2
vAη+ ,
(3.5)
where we have introduced the new functions eA
a, ea
A, mA and vA. We first require that the
commutator of two supertransformations (3.5) closes up to the equations of motion. This
requires
ea
AeA
b = δa
b , (3.6a)
Daeb
A −DbeaA = 0 , (3.6b)
ea
A = Dav
A, (3.6c)
ΩABCD =
1
3
eA
aeB
bRabCD , (3.6d)
VAB = DAmB , (3.6e)
QAB = −vaωaAB , (3.6f)
where Da and RabCD are the covariant derivative and the Riemann tensor respectively
defined by the spin connection ωa
A
B
†. The commutator algebra is
[δQ(η1), δQ(η2)] = δC(ξ) , ξ
i = −2iη¯2−γiη1− , (3.7)
where the conformal transformation δC is as defined in eq. (3.4)
††. The invariance of the
Lagrangian (3.3) under the supertransformation (3.5) further requires
Gab = ea
Aeb
BηAB , (3.8a)
† It may be useful to note that eq. (3.6c) has a rather strong integrability condition which reads:
vaRabCD = 0.
†† Note that the existence of conformal Killing spinors implies the existence of conformal Killing vectors
as follows: When η1−, η2− satisfy the conformal Killing spinor equation (3.1), ξ
i in eq. (3.7) satisfies the
conformal Killing equation (2.1) with Ω given by Ω = 12 i(η¯2+η1− − η¯2−η1+).
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3mA = VABv
B , (3.8b)
eA
a∂aU = 2VABm
B , (3.8c)
eA
a∂aV =
1
4
vA . (3.8d)
We can obtain the general solution of eqs. (3.6) and (3.8). First, eqs. (3.6a), (3.6b),
(3.6d), (3.8a) are trivially solved. Next, the other conditions are solved by
va = 4∂aV , (3.9a)
Gab = 4Da∂bV , (3.9b)
ma = ∂am , (3.9c)
Vab = Da∂bm , (3.9d)
va∂am = 4m , (3.9e)
U = mambG
ab . (3.9f)
Note that, the conditions (2.6) for the bosonic conformal invariance are automatically satis-
fied by the above solution. Eqs. (3.9a,b) agree with (2.6a,b), while to see that (2.6c,d) are
satisfied, note from (3.9e,c,b) that Lvma = 4ma and LvGab = −2Gab. Hence, from (3.9f)
one finds the result LvU = 6U , which agrees with (2.6c). To see that (2.6d) is satisfied, we
multiply (3.9b) with vb from which it follows that va = 12∂a(v
bvb). Comparing with (3.9a)
we learn that vava = 8V , which agrees with (2.6d).
We still have to find functions V , Gab and m which satisfy Gab = 4Da∂bV and v
a∂am =
4m. They can be obtained as in the bosonic case. The general solution up to target space
coordinate transformations is
m = e4φ
0
m¯(φα) ,
V = e2φ
0
V¯ (φα) ,
G00 = 8e
2φ0V¯ (φα) ,
G0α = 4e
2φ0∂αV¯ (φ
α) ,
Gαβ = e
2φ0G¯αβ(φ
α) ,
(3.10)
where V¯ (φα), m¯(φα) and G¯αβ(φ
α) are arbitrary functions of φα. Substituting this solution
into the Lagrangian (3.3), we have not been able to cast the resulting Lagrangian in a
manifestly superconformally invariant form, as we did in the bosonic case. However, we do
expect that be possible, and to give rise to supergravity coupled to M − 1 scalar multiplets,
where the only dynamical degrees of freedom in the supergravity multiplet are the conformal
mode of the metric and the superconformal mode of the Rarita-Schwinger field.
Finally, we note that a particular solution of (3.9) with flat target space metric is
ea
A = δAa , V =
1
8
δabφ
aφb , m =
1
4
Cabcdφ
aφbφcφd , (3.11)
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where Cabcd is an arbitrary constant coefficient which is totally symmetric in its indices.
Note that the metric for the worldvolume need not be S2 × S1, but it can be any space
admitting ordinary conformal Killing vectors satisfying (2.1).
4. Gauging of Isometries of the Superconformal Sigma Model in 2+1 Dimensions
Let G be the isometry group or its subgroup of the metric Gab in the Lagrangian (3.3).
There exist Killing vectors Kar (r = 1, · · · , dimG) satisfying the Killing equation
DaKrb +DbKra = 0 (4.1)
and commutation relations of the Lie algebra of G
[Kr, Ks] = ifrs
tKt, Kr = K
a
r ∂a. (4.2)
By applying Dc to eq. (4.1) and antisymmetrizing the indices c and a, we obtain a useful
identity
KdrRdabc = DaDbKrc. (4.3)
We define rigid isometry transformations corresponding to the Killing vectors Kar by
δφa = ǫrKar ,
δλA = ǫr(DBK
A
r −KarωaAB)λB,
(4.4)
where ǫr are infinitesimal constant parameters. The transformation of the spinor fields
looks simpler if we use λa ≡ λAeAa: δλa = ǫr∂bKar λb. The commutator algebra of these
transformations closes. The Lagrangian (3.3) with eqs. (3.6) and (3.8) is invariant under
the transformations (4.4) if the coupling functions satisfy
Kar ∂aV = 0, K
a
r ∂am = 0 (4.5)
in addition to eq. (4.1). To prove the invariance of the action we need an identity
KarDaRABCD +DAK
E
r REBCD +DBK
E
r RAECD
+DCK
E
r RABED +DDK
E
r RABCE = 0,
(4.6)
which can be shown by using the Bianchi identity and eq. (4.3). The first condition in eq.
(4.5) is equivalent to the condition that the vector fields v = va∂a and Kr = K
a
r ∂a commute
each other. For a flat space solution (3.11), we can take the group G to be SO(M). The
Killing vectors are Ka = λabφ
b, where λab = −λba are constant parameters. The condition
(4.5) requires that the coefficient Cabcd in eq. (3.11) is an invariant tensor of SO(M).
We would like to make the theory invariant under local isometry transformations, i.e.,
the transformations (4.4) with parameters ǫr(x) of arbitrary functions of x
i. We introduce
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gauge supermultiplets consisting of vector fields Ari and Majorana spinor fields χ
r. The
gauge transformations δg of the fields are given by eq. (4.4) and
δgA
r
i = ∂iǫ
r + ifrstA
s
i ǫ
t,
δgχ
r = ifrstχ
sǫt.
(4.7)
We define the covariant derivatives
Diφ
a = ∂iφ
a − AriKar ,
Diλ
A = ∇iλA +DiφaωaABλB − Ari (DBKAr −KarωaAB)λB
= ∇iλA + ∂iφaωaABλB −AriDBKAr λB,
(4.8)
which transform under the gauge transformations (4.4) and (4.7) as
δg(Diφ
a) = ǫr∂bK
a
rDiφ
b,
δg(Diλ
A) = ǫr(DBK
A
r −KarωaAB)DiλB.
(4.9)
The supertransformations of the scalar and the gauge multiplets are given by
δQφ
a = −iη¯−λAeAa,
δQλ
A = γiDiφ
aη−ea
A − δQφaωaABλB −mAη− + 1
2
vAη+,
δQA
r
i = iη¯−γiχ
r,
δQχ
r =
1
2
F rijγ
ijη−.
(4.10)
The commutator algebra of the supertransformations (4.10) closes and is given by
[δQ(η1), δQ(η2)] = δC(ξ) + δg(ǫ),
ξi = −2iη¯2−γiη1−,
ǫr = −ξiAri ,
(4.11)
where the conformal transformations of the gauge multiplets are
δCA
r
i = ξ
j∇jAri +∇iξjArj ,
δCχ
r = ξi∇iχr + 1
4
∇iξjγijχr − 3Ωχr.
(4.12)
Notice that the conformal weight of χ is different from that of λ in eq. (3.4). It should
also be noted that the algebra closes off-shell on the gauge multiplets. We do not need to
use equations of motion of these fields to obtain the algebra (4.11). This can be understood
from the fact that a gauge field and a Majorana spinor field has the same off-shell degrees
of freedom in three dimensions.
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The gauged Lagrangian is taken to be
Lgauged =− 1
2
√
−h
[
hijDiφ
aDjφ
bGab +RV + U − iλ¯AγiDiλA
− 2iλ¯AχrKrA − iVABλ¯AλB + 1
4
ΩABCDλ¯
AγiλBλ¯Cγiλ
D
]
.
(4.13)
The kinetic terms of the gauge multiplets −14
√−hF rµνF rµν and
√−hχ¯riγiDiχr have not
been included, since they are not invariant under the conformal transformations (4.12).
The Lagrangian (4.13) is invariant under the conformal, the gauge and the supersymmetry
transformations when the conditions (3.6), (3.8), (4.1) and (4.5) are satisfied.
5. Superconformal Sigma Model in 5+1 Dimensions
In ref. [1], we considered the N = 2 supersingleton field theory on S5 × S1 with four
dimensional flat target space. Here, we shall consider a generalization of the model by taking
the target space to be an arbitrary manifold, and find the conditions imposed on it by the
requirement of the worldvolume superconformal invariance.
The N = 2 supermultiplet consist of real scalar fields φa (a = 1, · · · , 4M) and symplectic
Majorana-Weyl spinor fields λA+ (A = 1, · · · , 2M):
λA+ = Ω
ABCλ¯T+B , γ7λ
A
+ = λ
A
+ , (5.1)
where ΩAB = −ΩBA is a constant matrix. We use ΩAB and ΩAB defined by ΩABΩBC = δAC
to raise and lower indices. The Lagrangian is
L =− 1
2
√−h
[
hij∂iφ
a∂jφ
bGab + U
+ iλ¯A+γ
i(∇iλ+A + ∂iφaωaABλB+) +
1
4
ΩABCDλ¯
A
+γ
iλB+λ¯
C
+γiλ
D
+
]
.
(5.2)
Notice that the Yukawa coupling VABλ¯
A
+λ
B
+ is not possible due to the chirality of the spinor
fields. The coefficient functions have symmetry properties ωaAB = ωaBA and ΩABCD =
ΩBACD = ΩCDAB . The conformal transformations of the fields are defined by using ξ and
Ω satisfying eq. (2.1) (with p = 5) as
δCφ
a = ξi∂iφ
a + Ωva ,
δCλ
A = ξi∇iλA + 1
4
∇iξjγijλA + 5ΩλA + ΩQABλB ,
(5.3)
while the supertransformations of the fields are
δQφ
a = iη¯I−λ
A
+eIA
a ,
δQλ
A
+ = γ
i∂iφ
aη−Iea
IA − δQφaωaABλB+ + 2vIAη+I .
(5.4)
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The conformal Killing spinors ηI± (I = 1, 2) satisfying eq. (3.1) are symplectic Majorana-
Weyl
ηI± = Ω
IJCη¯T±J , γ7η
I
± = ±ηI±, (5.5)
where ΩIJ = −ΩJI is a constant matrix and ΩIJΩJK = δIK .
The closure of the commutator algebra of eq. (5.4) and the invariance of the Lagrangian
under eq. (5.4) require that
ea
IAeIA
b = δa
b , Gab = ea
IAeb
JBΩIJΩAB ,
∂aeb
IA + ωa
A
Beb
IB − (a↔ b) = 0 ,
∂av
IA + ωa
A
Bv
IB = ea
IA ,
eIA
a∂aU = 8vIA ,
eIA
aeJB
bRabCD = 6ΩIJΩABCD ,
QAB = −vaωaAB ,
va = vIAeIA
a .
(5.6)
We also need the fact that ΩABCD is totally symmetric in the indices, which can be shown
by the Bianchi identity and the sixth condition of eq. (5.6). The commutator algebra is
[δQ(η1), δQ(η2)] = δC(ξ) + δSU(2)(Λ),
ξi = iη¯I2−γ
iη1−I ,
Λαβ = −2i (η¯I2−(Γαβ)IJη1+J − η¯I1−(Γαβ)IJη2+J
)
,
(5.7)
where (Γα)I
J (α = 1, 2, 3) are the SO(3) γ-matrices. The SU(2) automorphism transforma-
tions are defined by
δSU(2)φ
a =
1
4
ΛαβvIA(Γαβ)I
JeJA
a,
δSU(2)λ
A
+ = −δSU(2)φaωaABλB+.
(5.8)
Note that once the conditions (5.6) are satisfied, the invariance of the Lagrangian under
the bosonic conformal transformations (5.3) is guarantied, because the superconformal alge-
bra (5.7) has been verified. In fact, while the conditions (2.6) are sufficient, the necessary
conditions that follow from invariance under (5.3) will look somewhat different than those
given in (2.6), because R = constant for Sp× S1. We need not write down those conditions
here, because they are simply consequences of the conditions given in eq. (5.6).
Finally, we note that for a flat target space metric the general solution of eq. (5.6) is [1]
ea
IA = δa
IA, ωa
A
B = 0, ΩABCD = 0, v
IA = φIA, U = 4φIAφIA. (5.9)
Interaction terms in the potential U is not possible.
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6. Conclusions
We have constructed superconformal sigma models which generalize the known supersin-
gleton field theories. We have found that the superconformal sigma model in 2+1 dimensions
is given by
L =− 1
2
√
−h
[
hij∂iφ
a∂jφ
bGab +RV + ∂am ∂bm G
ab − iλ¯Aγi(∇iλB + ∂iφaωaBCλC)δAB
− i(Da∂bm) λ¯aλb + 1
12
Rabcdλ¯
aγiλbλ¯cγiλ
d
]
,
(6.1)
where m, V and the metric Gab are given in (3.10), λ
a = eaAλ
A, the covariant derivative
Da and the curvature RabCD = Rabcde
c
Ce
d
D are defined with respect to the spin connection
ωaA
B. The Lagrangian has the following superconformal symmetry:
δQφ
a = −iη¯−λAeAa,
δQλ
A = γi∂iφ
aη−ea
A − δQφaωaABλB − eAa∂amη− + 2eaA∂aV η+ ,
(6.2)
where the parameters η± satisfy the conformal Killing spinor equation (3.1). Splitting the
scalar fields as φa = (φ0, φα) (α = 1, · · · , d− 1), from (3.10) we observe that the Lagrangian
and transformation rules depend on three arbitrary functions of φα, namely m¯, V¯ and
G¯αβ. The corresponding result in ref. [1] is a special case of the result above, in which the
worldvolume is taken to be S2 × S1, the d-dimensional space is flat and m, V are specific
functions defined in (3.11).
We have gauged the isometries of the target space manifold characterized by the Killing
vectors Kar , and obtained the Lagrangian given in (4.13), which is invariant under the con-
formal, the gauge, and the supersymmetry transformations when the conditions (3.6), (3.8),
(4.1) and (4.5) are satisfied.
In the case of a 5+1 dimensional worldvolume, we have restricted our attention to S5×S1,
but considered an arbitrary target space. In that case, we have found the Lagrangian (5.2),
invariant under (5.3) and (5.4), when the conditions (5.6) are satisfied.
No doubt results similar to those presented here will also hold for p + 1 dimensional
worldvolumes with all values of p ≤ 5. It should be noted, however that we have found
essentially no restrictions on the dimensions of the possible target spaces (apart from the fact
that in the case of p = 5, the target space dimension is a multiple of four). Thus, the critical
dimensions of the super p–branes is somewhat mysterious in the context of superconformal
sigma models presented here. It is intriguing to speculate that quantum consistency of our
models may lead to certain critical dimensions. In fact, it would be interesting to work out
the quantum behaviour of our models in its own right. We hope to return to this point in
the future.
Finally, let us note that there exists an alternative way to obtain particular kinds of
superconformal sigma models, which may have been left out of the class considered here.
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Namely, one could start with a conformal supergravity theory coupled to scalar fields, and fix
a superconformal gauge in such a way that a rigid superconformal symmetry is maintained
and that the only dynamical degrees of freedom are those of the scalar multiplet, possibly
together with a Liouville type supermultiplet of fields corresponding to the conformal modes
of the Weyl supermultiplet.
To illustrate this last point, let us consider the conformal supergravity theory in d = 6,
which is the highest dimension where a superconformal group exists. The d = 6, N = 2
conformal supergravity and its coupling to various multiplets has been studied in [10]. The
most natural multiplet to consider here is the hypermultiplet, consisting of the scalar fields
φIA, I = 1, 2;A = 1, ..., 2M+2 and the superpartners λA. To obtain a rigid superconformal
sigma model, we choose a superconformal gauge by fixing the gravitational field such that
it admits a conformal Killing spinor (see eq. (3.1)), and set all the other gauge fields of
the Weyl supermultiplet equal to zero. In particular, setting the gravitino field ψIi equal to
zero implies eq. (3.1), since δψIi = ∇iηI− − 12γiηI+, where ηI− is the ordinary supersymmetry
parameter and ηI+ is the special supersymmetry parameter. In this way, we find
L = −1
2
√−h
[
hij∂iφ
IA∂jφIA +
1
5
RφIAφIA + iλ¯
A
+γ
i∇iλ+A
]
. (6.3)
The superconformal symmetry of this Lagrangian is characterized by the transformations
given in (5.3) and (5.4), with ea
IA = δIAa and v
IA = φIA (I = 1, 2).
Applying the above procedure to the gauged version of the d = 6, N = 2 conformal
supergravity, we find that the field equations of the resulting rigid superconformal sigma
model are unacceptable, because they force the scalar fields to vanish.
It may be worth mentioning that there are two other d = 6, N = 2 superconformal
matter multiplets that contain scalar fields. One of them is the nonlinear multiplet [10], and
it contains three scalars of zero Weyl weight, parametrizing an SU(2) group manifold, and a
real constrained vector field. The other one is the linear multiplet [10] and it contains three
scalar fields which have Weyl weight four, and a fourth rank totally antisymmetric tensor
field which is equivalent to a scalar on-shell. Using the action formula provided in [10] for
the coupling of the linear multiplet to d = 6, N = 2 conformal supergravity, we can obtain
a rigid superconformal sigma model for this multiplet by fixing a superconformal gauge as
described above. The fermionic terms in the resulting Lagrangian are rather involved, but
the bosonic sector is simple and is given by:
L =− 1
2
√
−h
[
φ−1∂iφ
IJ∂iφIJ + φR +
1
240
φ−1Hi1···i5H
i5···i5
]
+
1
48
ǫi1···i6Bi1···i4
(
∂i5φ
IJ
)
φJ
K (∂i6φKI) ,
(6.4)
where φIJ = φJI , φ =
(
φIJφIJ
)1/2
, and B is the four-form with field strength H = dB.
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